ON OBSTRUCTION THEORY IN ORIENTABLE
FIBER BUNDLES()

BY
MARK MAHOWALD

1. Introduction.

1.1. There have been several efforts in recent years to describe a procedure
for determining whether or not for a given fiber bundle (E, B, p, F, G), in the
sense of Steenrod [16], there exists a map ¢ : B— E, called a cross section, such
that p¢ is the identity. This paper represents another such effort. We will inves-
tigate obstructions to finding a cross section for a bundle with (n— 1)-connected
fiber F such that X2 'n(F) is finitely generated and n,(B) acts trivially on
the fiber. We will describe a general procedure which answers the question of
the existence of a cross section if B has cohomology dimension less than 2n.
The procedure gives some information beyond this, but it is not clear now how
useful this will be.

The general idea is similar to Hermann’s in [6]. Formulas which generalize
Liao’s formula [9] for the secondary obstruction to a sphere bundle are also
obtained. One of the features which enables higher obstruction classes to be
identified is the grouping together of all obstructions of the ‘‘same level.”” An-
other feature is the investigation of only the prime parts of each obstruction.
For example, if a homotopy group of Fis Z, in some dimension, then we look
at the Z, parts of the sequence

0-2,-272,-2,-0

only.

In §2 the notion of a modified Postnikov tower (MPT) is introduced and its
existence is proved in the case of interest (Theorem 2.2.5). In §3 we develop
some tools useful in evaluating the classes needed for the tower. §4 contains
a detailed computation of the tower for n-sphere bundles up to dimension n + 4.
This is sufficient to find cross sections of n-sphere bundles over (n + 6)-dimen-
sional complexes. In §5 we investigate the connection of a MPT with the ob-
struction question. The computations for V,,, » bundles are contained in §6.
The study is carried far enough to answer the question of the existence of a cross
section if B has cohomology dimensions less than n + 5.
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In §7 some of the applications announced in [10] are given. In particular
we prove

THEOREM 7.1.1. Let M" be a compact orientable n-manifold, n> 4. If n
is even then M" immerses in R*"~2 iff W, W,_, =0; if n is odd then M" im-
merses in R*"~2. (W, is the dual Stiefel-Whitney class.)

THEOREM 7.2.2. The following embeddings of projective spaces are possible.
(@) k=3mod4, k>3, then P, c R*2,
(b) k=4s+1i,s>0,s#2/, i=0, 1, or 2, then P, c R*73,

1.2. We will use the following conventions.

1.2.1. We use the symbol G, to refer to the space of all orientable n-planes
in R.

1.2.2. In general we will let bold-faced German letters b refer to bundles
(E,B, p,F,G). The only exceptions are the special bundles defined in 1.2.5. Let
BG be the classifying space of bundles with group G. Then each bundle b has
a classifying map b : B— BG. In general, if the fiber and group are known from
context, we write b =(E, B, p). Note also that BSO(n) = G,.

1.2.3. In §§4, 6 and 7 we will only consider SO(n) bundles with one excep-
tion (1.2.5). The Stiefel-Whitney classes are cohomology classes in H*(G,; Z,).
We will identify wy;,, with B,w,;e H*(G,;Z) where B, is the Bockstein co-
boundary associated with the sequence

0-2-2-2,-0.

The Stiefel-Whitney classes of b will be written wy(b). Associated with b will be
V, m bundles b™.

1.2.4. Throughout this paper we require that the bundles are orientable.
To be specific, we require that =,(B) act trivially on H*(F). This will always
be a standing hypothesis with the one exception of 1.2.5.

1.2.5. We will use the symbol sI = (sI, B, p) (or just sI when the rest is clear)
to mean a trivial s-plane bundle over B. The bundle sH; = (sH}, P;, p) will be
the Whitney sum s times of the nontrivial line bundle over P;, real j-dimensional
projective space. This bundle is not orientable if s is odd and is the only non-
orientable bundle which we will consider.

1.2.6. The set B will be any connected CW complex. We suppose all our
spaces have a fixed base point which we denote by *.

1.2.7. If (E,B,p) is any fiber bundle in the sense of Steenrod [16] we can
always suppose there exists a subset M of B and maps A:M — E and Ag:M < B
such that pA = A, and 4 is a homotopy equivalence. Indeed let B’ be the mapping
cylinder of p:E— B. Let (E’,B’,p’) be the fiber bundle induced by (E, B, p)
from the canonical map f:B’— B. Then E’ is homotopically equivalent with
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E, B’ with B and E is embedded as a subset of B’. Taking M = E and dropping
all the primes, we have the result.

1.2.8. The symbol Z, will mean Z/qZ if ¢ # 0 and Z if g = 0; q will usually
be a prime or 0.

1.3. Let K(J,n) be an Eilenberg-MacLane complex associated with n and
J, i.e., K(J,n) has one nonzero homotopy group and that is n,(K(J,n))=J.
We will usually use a to designate the characteristic class of K(J,n). Accor-
ding to Milnor [13], if n > 1, there is a principal fiber bundle
p = (LK,K(J,n), K(J,n—1)n,K(J,n—1)) such that LK is acyclic.

1.3.1. By the space over B with fiber K(J, n — 1) and k-invariant
ae H'(B;J), we mean the fiber space induced by the map f: B — K(J, n), where
f*(@) = a, from the fiber space p. We have the diagram

E —f—> LK

S

B —> K(J,n).

The following facts about this situation are well known.
1.3.2. #*a = 0.
1.3.3. In the sequence

H ' KUn—-1) S IEKD T (B, j§ H'(B),
we have 6*a = #*j* la.

1.34. If g:X - B, then there exists a map g, : X — E such that 7ig, =g
iff g*¥a = 0. We call such a mapping g, a lifting of g.

1.4. The possibility of generalizing the technique of [10] to the more general
situation of §§2 and 3 by using 1.2.7 was suggested to us by W. S. Massey. Many
other improvements are due to him and we wish to express our thanks to him.
We are also indebted to R. Schwarzenberger for sending us a preprint of [4]
and calling our attention to the fact that obstruction theory could give informa-
tion on embedding projective spaces. With his permission Theorem 7.2.1 is
included here.

2. Modified Postnikov tower.

2.1. The grouping together of obstructions of a common level will be based
on the notion of a regular spherical set.

DerINITION 2.1.1. Let X be an (n—1)-connected space,n > 1, such that m(X)
is finitely generated. A set #%(X;Z,) « HY(X;Z,) is called a regular spherical
set if

1) k<2n;
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(2) for each ae (X ; Z,), there exists a map f,: S* > X such that f*(a) generates
HXS*Z);

(3) the set of homotopy classes of maps {[f.]} ae¥*(X;Z) is a linearly in-
dependent set in m(X) considered as a Z module and the set {[f,]},corx:zyV
{[/u1}acsxx 2, is linearly independent over Z, where f, is the image of f, under
(X)) - n(X) ® Z,.

@) FHX; Z,) is not a proper subset of any set satisfying 1-3.

In general, regular spherical sets are not unique. It is also clear that they exist.
The following theorem with its constructive proof gives some insight into just
what these sets are.

THEOREM 2.1.2. Let X be an (n—1)-connected space, n > 1, such that m(X)
is finitely generated, k < 2n. Then for each prime q and for q =0 there is a
regular spherical set y"(X;Zq).

Proof. By the fundamental theorem of finitely generated Abelian groups,
m(X) is isomorphic to a direct sum of cyclic subgroups, either of infinite or prime
power order. Let a,,---,a, be generators of these subgroups where a;, i <'s,
has infinite order while a;,i > s has finite order.

Each class a; induces a homomorphism af : HY(X ; Z) » H%(S*; Z) = Z. Choose
a representation H*(S*;Z) = Z and keep it fixed. Let by, ---, b, be independent
generators of the free Abelian part of H(X ; Z). Let B be the subgroup generated
by {bi} and let Z°=Z+ ---+Z with s summands. Define a:B—Z° by
a = (a}, -, a¥).By the theorem of Serre [14], p. 108, a must be a monomorphism.
Therefore we can find a basis {b;} for B and {e;} for Z° such that a(b;) = de;
where d;|d;,,. Let #%(X;Z) = {b;;d; = 1}. Let {¢}} be the standard basis for
Z° and let p = (p;;) be the matrix such that e; = X;_,p;;e;. Now if f; is a function
in the homotopy class Xi_,a;p;;, then f}b; =d,a where o is a generator of
H¥(S*,Z). Since the number of the d; which are equal to one is an invariant of
a, all four parts of the definition are satisfied for XX ;Z).

Let B, be the image of B under the homomorphism induced by Z - Z,. Let
T be the complementary vector subspace to B, of H*(X; Z,). If we identify
H%S%Z,) with Z,, then each a, defines a linear functional a}*, We look at the

restriction of each to T and select a maximal linearly independent set a,f':,m,a?'

Extend this collection to a basis of the dual of T and construct the dual basis
in T. The set XX ; Z,) consists of those classes in this basis which are dual to
ak,-,a These sets #%X;Z,) clearly satisfy the definition.

2.1.3. ExaMpLE. For any (n—1)-connected space X, ¥"(X;Z) is a basis for
the free abelian part of H"(X;Z) and ¥"(X;Z,) is chosen so that #(X;Z,)
U #(X;Z), is a basis for H'(X;Z,).

2.2. Let b =(E, BG, p) be the universal fiber bundle having a given structure
group G and a given G-space F as fiber. Let b’ = (E’, B’, p’) be any other bundle

having F and G as fiber and structure group. Then there is a bundle map
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E' — E

L

B’ '—b-,—> BG .
A necessary and sufficient condition that b’ have a cross section is that there
exists a map b’ : B’ — E such that pb’ =b’".
By 1.2.7 we have a space M and maps 4, and A such that

E
L
M < BG

4o

is commutative and A is a homotopy equivalence. Let b = (#,M,p) be the

bundle over M induced by A, from b. Clearly b is homotopically equivalent to

the square of b [16, p. 49] and the remarks above state that b is universal for

F bundles having a cross section. This helps to motivate the next definition.
DerFINITION 2.2.1. Consider the sequence

HY(M) - HY(F) & mrr (M, F).

We say F is t-regular if there exists an (F;Z,) such that §*%*(F;Z,) =0 for
all k <t and all primes g or ¢ = 0. Note that if ¢’ < t and F is t-regular it is also
t'-regular.

DerINITION 2.2.2.  Let #(F) = J \Ji-1#*(F;Z). By a representation of
&(F) we mean a map h:F— Y where Y=[[[]x=1[lscs*r:z,) Ka(Zs k) and
where h*(a,) = a for «,, the image of the characteristic class of K, (Z,, k) in H*(Y).

When it is necessary to be more precise about a € (F) we write a(q, k) for
a class in SX(F;Z).

DeriNITION 2.2.3. A modified Postnikov tower, MPT (of dimension f), for
b = (E,B,p) is a tower

Xi
- E! - E™!' 5 ..E' 5 B
h,\pi hi—l
E — B
ho=p

such that:

(1) Themap p;: E'— E*~isanontrivial fibering with fiber £ ‘= [], ¢ 4Ku(Jarks)
where 4 is a finite index set and J,, is either Z or Z, for some prime q.

(2) The map h,_,:E—E""' is a fibering with fiber X".
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(3) The space X' is t,-regular where (¢ = t; and) t, 2 n,, the dimension of the
first nonzero homotopy group of X*

(4) The map h;|X':X'> X'is a representation of &, (XD,

2.2.4. In the above definition if ¢, = n, for all i, then MPT is just the tower
discussed in [10] for the universal SO(n + m) bundle having V, ., ,, as a fiber.

THEOREM 2.2.5. Let G be arcwise connected; let F be a G-space which is
(n—1)-connected and for which n;(F) is finitely generated for j <t <2n; and
let b = (E, BG, p) be the universal F bundle. Then b has a finite MPT of di-
mension t.

Proof. The hypothesis that G is arcwise connected implies b is orientable
in the sense of 1.2.4, [8]. Let b = (M, M, p) be the bundle defined above. Be-
cause pA = Ay, M has a cross section p : M — M which we choose so that

M}:—I—>E
2.2.6 pT/lp
0

is a commutative diagram . Then H*(#) = imp* + ker p*. Consider the diagram

t 3
H¥(F) —> H¥(E,F) —P HvB,%

i’;/’ T - 1 ,
2.2.7 H*(E) —Z—-> H*(M) —ﬁ> H*(E, M) —> H*(E)

S| A K

HY(M) —=> H¥(B,M) ——> H*(B) —3> H*(M).
52 J 110

3

The isomorphism p* holds up to dimension 2n since (B,M) and F are both
(n—1)-connected. Suppose F is t,-regular and <, (F) is given. The definition of
t,-regularity and the fact that t; < 2n implies that for each a e #*(F;Z)), k £ t,,
there is a unique class in H*(M ;Z,) Nker p* which maps onto a under the
restriction map i¥:H*(M)— H*(F). We identify a with this class. Let
kl = j*p*~16*a. Let p,: E' > B be the fiber space having

1

t
Xl = H H H Ka(Zq’ k)
q k=1 ae¥*(F;Z,)
as the fiber and {k.} as the k-invariants. Then the map p: E — B can be lifted
to a map h;:E— E" since the only obstruction to such a lifting will be
p*ke = 2* 1A (P* 7! 8*)(@) = 0.



1964] OBSTRUCTION THEORY IN ORIENTABLE FIBER BUNDLES 321

In showing that a choice of h, exists such that b, |F:F — X' is a represen-
tation of &, (F), we use the following lemma, which is well known.

LEMMA 2.2.8. In the notation of diagram 2.2.7, we have p*k.=6%ifa,
and §tita=0 iff k. =0.

We will now show that a choice of hy exists such that hy |F :F - X" is a rep-
resentation of &, (F). First observe that if «, is the image of the characteristic
class of K(Z, k) in H*(X"), then h¥a, (h, is h,|F) varies over i{H*E;Z,).
Consider the following diagram:

(Y 55 gEr, 21 <L He(B,¥)

2.2.10 lh*; lh‘{‘ l
*

oK *
HYE) —25 H¥(F) —Ls H¥EF) <2 HYB,*).

By 1.3.3, p*k} = 6%, and by 2.2.8 6*a = p*k!(ifa = a). Therefore h%e, =a’
where a — a’ei;‘H"(E;Zq). By a change of h,, we then have hjo, = a.

Now the proof of the theorem is completed by noting the inductive character
of the definition. The fact that the tower is finite follows from the fact that 7,(X?)
has fewer generators than =,(F) or the torsion part of n,(X?) has fewer elements
than the torsion part of =,(F). Indeed

. x*
2.2.11 n(x?) 3 n s (2 B 1 x?) = 0

and h{ cannot be trivial since there must exist a g, prime or zero, such that
S(F;Z) # ¢ (2.1.3).

3. Determining the k-invariants. The k!-invariants in the above construc-
tion seem readily identified as classes in H*(B) but the invariants at higher
stages seem more complicated. In this section we will discuss a procedure which
will enable us to make some computations.

3.1. Let F be an (n—1)-connected space and let h:F — Y be a representa-
tion of Z,(F) for some t. Let X be the fiber. We would like to be able to find
&KX ;Z,). Suppose the first nonzero homotopy group of X occurs in dimension
n’. The hardest part of the definition to verify if k > n’ is 2.1.1.3. In this para-
graph we will prove Theorem 3.1.4 which gives a reasonable way to check for
this condition. Of course & (X ;Z,) is easily computed (2.1.3) for either g zero
or a prime.

Consider the sequence

. i* . g* . .
311 HY(F) - H(X) > H*'(Y)> H*\(F)

which is exact for j <2n—1. A class x;,, € H*'(Y;Z,) can be written in the
form
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2 ¢Ba¢l

Xj+1 =
312 ! aeP(F)

where ¢, is a primary cohomology operation ¢, s, tHYY; Z,,)—»H"“(Y; Z).
(This is the usual representation of H*(K(n',k);m) as primary cohomology
operations. If ¢, \ is nonzero, then either g and q’ are the same or either one
is zero.) Clearly h*x = X,_ g r)¢q(a) and iff this is zero does there exist a class
x' € H(X) such that §*x’ = x.

Our next result gives a simple criterion for finding x’ which satisfy 2.1.1.3.
First we need a definition.

DEFINITION 3.1.3. We say that an operation ¢:HYX;Z)—H'*Y(X;Z) is
primitive if there is a map g:S’/— S* such that ¢ is nontrivial in the complex
P*1 U, S* where I'*'is a closed (j + 1)-cell. An operation ¢':HYX;Z,)
- H’*Y(X;Z,) is primitive if: (1) the image of ¢’ under the natural homo-
morphism H*(K(Z,,k);Z) - H*(K(Z,k);Z,) is primitive, or (2) if ¢’ =A,, the
Bockstein coboundary of the sequence 0> Z,— Z,; —» Z,~ 0.

For example, Sq, i =0,1,2, or 3 and k> 2' are primitive [1]. Also it is
not hard to show 2} is primitive. The next theorem justifies the definition.

THEOREM 3.1.4. Let xe H*'(Y;Z,) be represented in the form 3.1.2 with
q # 0 and suppose that for at least one a’€ ¥ (F), ¢, is primitive. Then for any
x'€ HY(X) such that §*x' = x, there exists a -map f:S?— X such that f*x’
generates H’(S’ s Z,).

Proof. Suppose a’(q’,k) is such that ¢, is primitive. Clearly ¢’ =0 or gq.
Suppose j>k, the case j=k (¢,=A,) being very similar. Let
A=D*"U,S* be the complex on which ¢, is nonzero. Choose generators of
the cohomology of A,

3.1.5 Bie HY(A;Z,) and B,e H'*Y(4;Z),

such that ¢, = f,. Let M, be the mapping cylinder of g. Thereis a natura!
embedding of S’ in M,. The space A is homotopically equivalent to M,UCS’
where CS’ is the cone over S, and the composite

3.1.6  H*(4) ~ H*(M, U CS)—» H*M, U CS’, CS’) > H¥M,,S’)

is an isomorphism in all dimensions greater than zero and which commutes
with all natural cohomology operations. We identify the classes of 3.1.5 with
their images under 3.1.6.

The space M, is homotopically equivalent with S*and so there exists a map
f:M,— F such that f*(a’) generates H"(Mg;Zq,). The map f can be chosen
so that f:(M,,S’) - (F,X) and so that f*h*x, =0 if a # a’. Consider the se-
quences
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51
H(S%) > H/*'(M,,S)

f*T ) ) Tf*
i(x) —‘52—> H*Y(F, X).

Let x’ be such that §x’ = x. Then f*6¥x' = X ¢.f*(h*a,) = ¢.B, = B,. Hence
f*x' #0 and since we are using a field for coefficients, we have the theorem.

3.1.7. For the applications we need one additional special case. Suppose
a'eSXF;Z,), k=3, and, if f' :S*— F is the map such that f'*(a’) generates
HY(S*;Z,), then 2[f']=0 where [f’] is the homotopy class of f’. Let
xe H**3(Y; Z,), represented in the form 3.1.2, be such that ¢, = Sq>Sq". Then
for any x’e H**?(X;Z,) such that §*x’ = x, there exists a map f:S**? 5 X
such that f*x’ generates H**?(S**2;Z,).

Proof. Let B be the complex formed by adjoining I**! to S* by a map of
degree 2. If k = 5 then B can be realized as the eight skeleton of V, , and hence
the computations of [15] give the first few stable homotopy groups for all values
of k = 3 and in particular 7, , ,(B) = Z,. Let g be a generator and let A=1**3 U ¢B-
The first few homotopy groups of 4 are: n,(4) = Z,, 7,4 1(4) = Z,, 7,4 ,(4) = 0.
Choose cohomology generators of Aasfollows:C,eH(4;Z,), Sq'C,e H** l(A i Z5),
C, e H*"*(4;Z,). We claim that Sq?Sq'C, = C,. To see this consider the Post-
nikov tower:

/K(Zz,k +1)

The first nonzero k-invariant is Sq’« since Sq?C, =0. From the cohomology
sequence of the pair (P!,K(Z,,k + 1)) we see easily that Sq2Sq'w*a # 0. This
class is not a higher k-invariant since m,,,(4)=0 and hence Sq?Sq'C,
= §q2Sq' Ifw*a # 0.

Now let M, be the mapping cylinder of g: — B, the map used to define
A. As in 3.1.6 we see that H*(4) ~ H*(M,,S**?) and we identify the generators
of these two groups. Let j*:H *(Mg,S"”) - H*(M,) be the usual map. Let
f':S*— F be the map of hypothesis. Since 2[ f'] = 0, classical obstruction theory
gives an extension of f' to a map f: M, — F. This map can be chosen to satisfy
all the requirements made on f in the last paragraph of the proof 3.1.4. Then
the argument of that paragraph applies to this situation and completes the proof.

3.2. In 3.1 we investigated spherical sets. In this paragraph we will investigate
how to find the k-invariants which go with spherical sets determined in the fashion
of 3.1. We will work with a fixed prime q.

+
Sk2
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Let

b
/
gt Birty Di+1

hz+:\ /ht

be an MPT for b, the universal bundle of 2.2, for some dimension less than 2n
where the fiber F is (n—1)-connected.

Let X'=TL.ITi- IH,,G orxt;zoKo(Zgk) and let ki be the respective k-invariants.
For aesS"X"2), ke H* (BT 3 Z,).

Suppose, as an induction hypothesis, we have 4,_, :M < E'"! where M is
the space discussed in 2.2. Consider the diagram:

(XYY -—) BG

e BG

E
A
1.
3.2.2 _ i
B» M; c
\ !
M c

In this diagram 7, is the fiber space over M induced by 4,_, from p,: E'— E'" 1.
Since 4 is a homotopy equivalence, we can require that 4,_; and h;_; be homo-
topically the same map and hence A} k. = 0. Therefore #; is homeomorphic
to M x X'and p is a cross section chosen so that kA = 1,p. For the next stage
we take A, =ZXp. The new k-invariants, k'*!e H*(E') will be classes in
ker h* = ker(p*1}).

These invariants arise from the fibering h;: E — E' having X**! as the fiber.
Let M,, v=ior i+ 1, be the space induced by

a E
3.2.3 hy_y | l hyy
M . E!
'lv—l

We have a fibering h; : X' — X' and this induces a fibering ;_, : M, — M,. Using
the cross section p : M — M; we have §: M,,, c M,
As data for the next theorem consider the sequence,

3.2.4 HI~™ ‘(X‘) Y - Lxivhy 5 5 Hf(X‘) Ly HI(XY),

analogous to 3.1.1. Let ae%’'~!(X'**;Z,) and suppose 8*a # 0.
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THEOREM 3.2.5. In the notation of 3.2.2. and 3.2.4, we have that if X'*! is
(j—1)-regular, then i*I*ki*! =% where i: X'c M,
Proof. Consider the diagram

Hj—'l(Xi+ 1) 5:: Hj(xi, XH'I)

i e N

83

Hj—l(ﬂin) —_—> *Hj(ﬂiaﬂiﬂ) HI(X
* i e 7\
326 l‘sl /
HJ(E’Mi+1) h?/r =
hf| ~ *
*
Hj(EiaM) % Hj(Mi’M)
I |
i i v _
HY(E") —> H(M)

The isomorphism ¢ is the composite
*
(3.2.7) H(X', X'*‘)eh‘—H"(Y Lx) > HI(X)

and hence the map &* is just 06%. The diagram is commutative and the left column
serves to define ki*!. Recall that g is identified with a class ae H'~'(#,,)
such that ifa = a. Now ¢i}s3a = §*a and oi}d3a = i*17k,"* which completes the
theorem.

3.3. Theorems 3.1.4 and 3.2.5 form the basis of our computation. Using
3.1.4 we find a class xe H’(X*) which is the image of a class in a spherical set.
To find the k-invariant associated with this x we must find a class in H"(Mi)
such that it restricts to x under i* but extends to a class in HY(E’). Since each
k-invariant is also in ker h* and ker h;*= ker(p*1% ;) we will find such classes
in kerp*.

By the Kiinneth formula H*(M;;Z,) ~ H*(M;Z,) @ H (XY Z,). We can choose
this representation so that in dimension j, ker p* = Z{;=1Hj “H(M) ® H4(X") and
we identify these groups. Recall that X'=[[,[Ti]lces*xt:2)Ko(Z, k) and we
let o, be the image in H*(X’) of the characteristic class of K,. Since each a,
is of dimension at least n but of dimension less than 2n we have, for each class
x,€ H(X%Z), p<2n, that a relation such as 3.1.2 holds. Hence a class
aeHj(Ith,;Zq)nker p* is a linear combination of classes m;_,® x, where
m,eH'(M;Z,).

DEFINITION 3.3.1. Let e=(e,), aeF(X"), where e, e H**(E'"%;Z,) and
let m;_,®x,e H(M,,,;Z,) Nkerp*, j <2n. Then by (m;_, ® x,)(e) we mean
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(=A% im;n) © Zoe puxtySPata€ HFH(E1;Z,) where s¢, maps onto ¢,
under suspension. (Since j—u <n, ¥, is an isomorphism.) By linearity this
defines a(e).
The next lemma motivates the above definition. As data for it consider the
diagram
* 6*

H*(E") L H*(M)) ——> H%E' M)

3.3.2 Tp?‘ p* l Tp?‘ o T P}
HYE™Y) ==  HYM) RN —> HXE"! M) ——H YETY.
i-1

LeMMA 3.3.3. With the maps defined as in 3.3.2 and letting k' = (K%), we
have j*p}¥~'6% = o(K’).

Proof. It is sufficient to prove the formula for m;_, ® x,. Since m;_, is in
im Y, 8*(m;_,®x,) =(—1)""m;_, - 5%, where My is identiﬁed with its pre-
image in H*(E). Now p} _l(m - 8*x ,,) A'm;_, - p¥~'x,. The proof is
completed by noting j*p}"'lé*(p,,a = ¢k} (1.3.3).

We are now ready to state and prove the main result of this paragraph.

THEOREM 3.3.4.  Suppose h , is an epimorphism in dimension j. Then for
o€ H(M;;Z,) Nker p*, there exists a ve H(E';Z)) nker h} such that Ifv = o
iff o(k) = 0.

Proof. Suppose oeH’(]l'{i,Z YNkerp* and o(k’) = 0. Then using diagram
3.3.2 and Lemma 3.3.3 we have j*p} ~ 6% = 0. Suppose 6*a # 0. Then, by exact-
ness, there exists a class ¢’ € H/(M) such that pféfo’ = 6% and, in particular,
6%a’ # 0. But by diagram 3.2.2 we see that 4,_, and h;_, are essentially the same
map and A, being an epimorphism implies 87 is trivial. Hence 66’ = 0. There-
fore a(k'*!') = 0 implies *c = 0 and, hence, there is a v such that 1*v = ¢. Clear-
ly vekerh}, since p*e =0 and ker h} = ker (p*1;%).

Conversely, if there exists such a v, then é*¢ = 0 which implies o(k') = 0.

3.4. The strongest tool for our computations is the next theorem. The state-
ment and proof will be based on this diagram:

Pi
Hk(E) I‘ HR(M) Hk+l(E| M)(— Hk+1(Ei 1 M)] Hk+l(Ei 1)
Uit
3.4.1 li* H*Y(E1, %)
Ihi-

07 k1 i
-+ H7(E, X)).

Hk I(XH- l) Hk(Xl) Hk(Xi)
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THEOREM 3.4.2. Suppose X'*! is j—2-regular, h¥_, is an epimorphism, and
¥ is a monomorphism. Let k = (ky,---,k,) be a collection of elements in
HY(E';Z), q # 0 fixed, such that:

(1) The collection i*1fk, is linearly independent.

(2) If i*A*k, = x where x is as defined by 3.1.2, then for at least one a, ¢, is
primitive (3.1.4 applies) or 3.1.7 applies.

(3) Let oY be the p-dimensional component of the Steenrod algebra. Then
the vector subspace of H'~'(X'*") generated by | Ji-o/4H’~ ' "#X"*") has co-
dimension s in H'~}(X'*1),

(4) AFk, ekerp*.

Thenthereisas’ ™ (X'**; Z,) suchthatkisthe collection (K, '),ae& " }(X'*1;Z,).

ReMARK. Condition (3) seems complicated but if j is only a few dimensions
above the dimension of the first nonzero homotopy group it is easily checked.
In addition note that if s’ is the minimum number of generators of the g-primary
part of m;_,(X**"), then s <s’ and so (3) is satisfied whenever s =s'.

Proof. First observe that j*p*~'6*, = ki (by 1.3.3). Now using 2.2.8 we have
b jfp* 6%, = 83h¥i%a, since h'i%s, =a (ita in 2.2.8). Therefore 63h}i*1k,
= 0. From the following diagram

3

H*(E) B prx
3.43 I B,
HXE"Y) - H**),

we see immediately that h* ; being an epimorphism implies i} is trivial and there-
fore 6% is a monomorphism. Hence hfi*1¥k, = 0 or there exists a, e H' ~1(X'*)
such that 6%a, = i*1,. We claim {a,} = %/ 7(X**!;Z,). Theorem 3.1.4 proves
2.1.1.3. Parts (1) and (2) are clear, while (4) is an easy consequence of (3)
and 2.1.1.3. Finally since 1} is a monomorphism 3.2.5 proves that k; =ki*' .

4. To illustrate how these results are used to make computations consider
the universal example for n-sphere bundles, n = 5; ¢ = (E,G,,,p) where G,
is BSO(n + 1). In this section we will not use 3.4.2 since this would hide the de-
tails. Rather we go more or less directly to the definition using 3.1.4, 3.2.5 and
3.3.4 to find the k-invariants. In our later applications (§6) we will use 3.4.2
and this will shorten the computations considerably.

4.1. The generators of H"(S";Z) satisfy 2.1.1.3 and we choose one of them
a eS"(S"; Z). If x is the Euler class we can suppose a is chosen so that §*a = p*y
where 6* is the coboundary in the sequence of the pair (E,S¥). The first stage
of MPT is
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X' = K(Z,n)

v

E! — G
411 nti
’\hl /‘p
E

with k! = .
4.2. To compute the second stage for the tower of dimension n + 3, we need
FXX?;Z,) for n <k <n + 3. Consider the sequence
k l* k 2 5* k+1
4.2.1 HS") » HY(X?*) > H*"'(S",X?)
~hf
H**Y(K(Z,n),») ~ H**Y(K(Z,n)).

Clearly 6* is an isomorphism for n < k < n + 4. Hence:

H""Y(X?;Z,) = Z, generated by a,, where 6*a, = h¥Sq’a;
422 H"**(X?;Z) = Z,, generated by a,, where 6*a, = hif,Sq2a;
H"*3(X2;Z,) = Z,, generated by a;, where 6*a; = h¥Sq*x;

H"*3(X%*;Z;) = Z,, generated by a,, where d*a, = h*%Pla.
Theorems 3.1.4 and 3.1.7 imply
FUX?;2y) = {ai}
423 FXZ,) = {as),
FHHXPZ3) = {aa)

and all other regular spherical sets are empty.
Consider the diagram

- T 1 _ 5% _
Hk+1(E1,M1) _1) Hk+l(El) __} Hk+l(M1) % Hk+2(E1’M1)
424 li* Tp’f
HY(K(Z,n)) H"“(G..“,M)FH"“(GM).

4.2.5. First observe that jT =0 if k < 2n and that h% (h, is defined in 4.1.1)
is an epimorphism. Suppose k = n + 1. By3.2.5 we have i*I}kZ = Sq%x where o is
the characteristic class of K(Z, n). We identify « with the class in H*(M,) nker p*
which restricts to it (cf. 3.2.2). Since Sg’x+w,:x=0, a(y)=0, where
0=w,®a + 1 ® Sq’a. Therefore 3.3.4 implies kZ, is the unique (since j* = 0)
class such that 1%kZ = o.
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4.2.6. Using Sq*y +wy - x =0, as we used the similar formula for Sq2, we
see that Itk% = w,®@a + 1® Sq*a.

4.2.7. Finally if n =0mod2, 2y =0 and this implies 21y =0. In this case
k2 =1Q@ Pia. If n=1mod2 then 23y = (p,)s(x)s, Where p, is the first
Pontrjagin class, and we have 11kZ, = 1 ® 23 + (p)); Q@ a.

The second stage of MPT is

XZ
4.2.8 B B o
2. ThZ/hl
E —> G4y

where
22 =K,(Zs,n + 1) x K3(Zy,n +3) x Ky(Z3,n +3) 1 (K, =K,).

4.3. For the third stage consider the sequence

Hk+l(sn)

krv2 i* ke yv3 5* k+1 XZ h; k+1 2

43.1 B(x?) 5 XY S HYY(RYH B EM(x)
EH

Hk+2(X1)

where n <k <n +5. It is easy to check that h} is onto and, hence, §* is a
monomorphism. In addition HYX3®)~kerh} (in dimension k +1).
Using Z, for coefficients and letting x be as in 3.1.2, we have
h3x = ¢, (81~ 1Sq*x) + $,,(87-'Sq*«). This is zero iff ¢, Sq’x + ¢,,S¢*%x=0
in K(Z,n) = X'

Theorem 3.1.4 asserts that if h3x =0 and either ¢,, i =1 or 2, is primitive
then &* 'xe¥*(X3;Z,). Since Sq'Sq'ax = 0, Sq?>Sq%x =0 and Sq'Sq4a
+(Sq%8q")Sq%x = 0, we have

b1ES"+2(X3;22), S*bl = Sq’a,
b,eS"*3(X3;Z,), 6*b, = Sq'as +(Sq*Sq))a,.

43.2

By direct computation we have

43.3

]
L

(Sq* + wy")(Sq* + wy )

I
e

Sq'(Sq* + wy)a + (Sq*Sq' + ws*)(Sq® + w,)a
Since j} is zero in 4.2.4 these computations show

LemMMA 4.3.4.
(Sq® + wy )k, =0,

tSq'k,, +(Sq*Sq' + w3k, = 0.
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Proof. Using diagram 4.2.4 we see that A} applied to the left side of an equa-
tion of 4.3.4 is just the left side of the corresponding equation of 4.3.3.

Now consider the sequence analogous to 4.2.4 but for E2 In this setting
jt is again an isomorphism for k <n + 3. Hence knowing 1}k, determines
uniquely k. The equations of 4.3.4 together with 3.2.5 yield

4‘3.5 I;kbl = 1®Sq2a1 + W2®al,
Bk, = 1®Sq'a; +1®S¢°Sq ' a; +wy®a,.
The third stage of an MPT is
X3
g

E}® - E* o

Tha/hz

E —ﬂ G”+1

where X% =K,(Z,,n +2) x Ky(Z,,n +3) (K;=K,).

4.4. The space X4 is (n + 2)-connected and 7, , 5(X*) = Z,. The only spherical
set we are interested in is #"*3(X*;Z,) which will contain only the charac-
teristic class ¢ of X4. Consider the sequence

Hn+4(X2)
o*
4.4.1 Hn+3(x4) . Hn+4(X3) }_;; Hn+4(x3)
3 -
o1
H" (X2,

Now 8th¥x,, = Sq*«, and 6th;0,, = Sq'ay + Sq2Sq'a,. Then, since §* is a mon-
omorphism, ker k3 (in dimension n + 4) is generated by Sq'a,, + Sq?w, . Indeed
by direct computation we have

442 Sq'Sq'a, =0 and Sq'(Sq*Sq' + w3)x; +(Sq* +w,)(Sq% + wy)a, =0.
As in the proof of 4.3.4 we have

Lemma 4.4.3 Sq'k,, + (Sq* + w, )k, = 0.

As above, using a sequence analogous to 4.2.4 we have
4.4.4 3k, = 1®@Sq'e, + 1Q Sq’w,, +w, @y,

The fourth stage of the MPT is

v K(Z,,n +3)
E*—> E° > .

N /ha

E _— G”.{..l.
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5. Obstruction theory.

5.1. Suppose b = (E,BG, p) is the universal bundle for a fiber space having
G as group and F as fiber. Let b’ = (E’,B’,p’) be any other G-bundle with F
as fiber. Suppose B’ is a CW complex of cohomology dimension t. Consider
the diagram

V \ —E
B’ 3 El l
5.1.1 bi-i 1

ia

/

B .

The tower on the right is an MPT of dimension t. In particular if E;
is the last space in the tower (2.2.5) then the fiber of h;. : E— E *'is t-connected.
Hence any map f:B’— E’ can be lifted to a map f':B'—>E.

Recall (2.2) that b’ has a cross section iff b’ : B’ - BG can be lifted to a map
b’ : B’ — E. Now this is equivalent to lifting b’ to by, ---, then lifting b;_, tob;, ---,
until we have b}, : B'—E". The last step then is trivial.

This well-known result settles the problem.

THEOREM 5.1.2. Any map b/_,:B'—E'"! can be lifted to a map
b;:B’ - E' iff b}* (k) = 0 for all ae & (X").

The proof is given in [1, Theorem 3.3.8].

5.2. Now it is clear that we need to know how large a set bj* (k) can
be if we let b;*, range over all possible liftings. We have investigated this in
complete detail for the special case of §4 but the results seem to be too compli-
cated to be really useful. A much easier question is the following: Suppose
bj_,:B’ > E'"2 is kept fixed. What does b;* (ki) look like if we consider all
possible liftings of b;_,? This question is answered in 5.4.3 but first we prove
an interesting result (5.3.3) valid only at the first stage.

5.3. As data for the next theorem consider the sequence

i* o*
H*E') 5 H*F)S H*E',F).

LemMMA 5.3.1. The classifying map b’ of b’ can be lifted to a mapb’; : B’ - E*
iff 6*a =0 for every ae¥, (F).
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Proof. By naturality the tower induced by b’ from a MPT for b is a MPT
for b’. Hence b'*(kla) will be the k-invariant for a MPT for b’. Lemma 2.2.8
and Theorem 5.1.2 now complete the proof.

Consider the diagram

E’' -—b—B>E
b, b
532 A N R A

IRy

M l(,);B b,>BG

where the lifting b} is chosen so that b} = b’ ~p’. Observe that if b'*k} = 0 for
all a, then E’' is homeomorphic to B’ x X! and, therefore, if p’ is chosen so
that 1'p = p’Ag, (in this paragraph let 1’ = 1)), then, in dimensions less than 2n,
A’* is an isomorphism between kerp’* and ker p*. Let © be the inverse map,
i.e., m:kerp* - kerp'* defined only in dimensions less than 2n.

THEOREM 5.3.3. If B’ is a CW complex, then
PPBIRE = — BRI K.

Before we prove this formula, we will illustrate what it says. Suppose
b’ =(E’,B’,p’) is an n-sphere bundle over B’ with zero Euler class. Then using
4.1.1 we have

E
Jn

53.4 M —z,—>B' x K(Z,n) ——_> E!
| s~ |
B — Gpite

bl
Let a be hi*a. Now IkZ = wy(0) ® « + 1 @ Sq’¢ and therefore
K¥nd'*k2 = wy(0") * a + Sq’a. That this equals p’*b’*kZ,, which is just the clas-
sical second obstruction, is Liao’s theorem [9].

Proof of the theorem. Refer to diagram 5.3.2. The cohomology of E'! is
isomorphic to ker p’* @ im p{*. Clearly n1'*(b’ ~)*k2 e kerp'* and hence there is a
z € H¥B')such that p{*z = n]"*(6'~ }*K2— (b’ 7)*k2 But z = p"*p*z = — p"*(b'~)*k?
= —Db*k% Since h*(0'")'k2=0 and h{*p*=p* —p*b} K& = K ' YK,

5.4. Suppose now that we have a lifting of b’ to b,_,:B’' - E'"2
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DEFINITION 5.4.1. For each ae%t;_, (X' ') let ki(b") = {ze H*(B'); there
exists a lifting of b;_,, b;_ such that b;* k= z}.

The setk(b’) will be a coset of certain groups which we now will describe.

DEFINITION 5.4.2.(Compare 3.3.1.) Let z= (2, 4,€ H'(B'; Z)foreachaeJ(X'™"))
andletm;_,®x, eH'(M;Z‘,) Nkerp*, j < 2n. Then by (m;_, ® x,)'(z) we mean
(02 422m;_) - X, 9(X' ")z, By linearity this defines o’(z).

Let 1* K. = o, H*(M,_,).

THEOREM 5.4.3. In the above notation ki(b') is a coset of the group a(z)
where z,,,, ranges over all of HB';Z,).

Before we prove the theorem we will illustrate what it says. Suppose
b'=(E',B’,p’) is an n-sphere bundle over B’ with zero Euler class. Now
0, =w, ® ¢ +1® Sq’a. Let z be a one-tuple z € H(B’; Z). Then g, (z) =w,(d") - z
+ Sq?z and k, (b’) isa coset of the group (Sq* + w,)H"(B'; Z).

Proof of the theorem. Consider the diagram

LN
T l lz
5.4.4 E —» E!

bi,:z
PTlPt—l l Di-1

B’ - 3 Ei—2
b_,

" where 1= 1;_, and the subscripts on M,_, have been suppressed. We can choose
representations of M, E, and M as products so that

by ®id
M’ x X1 > M x 2!

A® idl l y)
B x X' —— E!
b; -2
is commutative where each map from the upper left corner acts on each factor
separately. In this representation p’ is the usual embedding in the first coordinate.
Let y:B’— X'~ be arbitrary. Then p’ = (id,y) : B’ - E is another cross section.
In dimensions less than 2n, 1’* is a monomorphism on kerp'*. Let n be the
inverse mapping, that is, n:1*(ker p'*) - kerp’*. Let z = (z,) where z, = y*a,.
Then if oeH*(M)Nkerp* (Definition 5.4.2), then ¢'(z) = p'*nbys. Now
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b;Z 3k} — p¥_,p*b;Z 3K\ e kerp'*and hence it must equal 7bj¥ 1*k’. In other words
bi 23k, =P 1p"*B;_ 3k, + nb3f 17K, Then 50,230, = p*Ki=3k, +p*nb3i1 *k/ Letting
bi_, =b;Z,p" and Bb,_, =b;-, pwe have (b;*, —b,/*)(k})=0'(z). Since any
lifting of b,_, can be compared to b;_, as was done for bj_,, the theorem now
follows from the standard result on classifying maps y:B’ - £'~L.

6. Orientable V., ,, bundles. In this section we will construct the tower
for orientable V,,,, ,, bundles. Let ¢ = (E, G, ,, p) be the universal orientable
Vu+mm bundle. It is well known that E is homotopically equivalent to G, and
M can be taken as G, with 1:G,— G,,,, being the usual embedding.

6.1. Our first task will be to compute y"(V,ﬁm,m;Zq) for g =0 or 2. No other
primes occur since H*(V, 4+, ) has no odd torsion [3]. We will use the follow-
ing fibering

6.1.1 Vn+s,s L> Vn+m,m —p% Vn+m,m—s'
From Borel [3] we recall that if n + m < 2n then

H'(V,smmZ) = Z if m=1or n=0 mod 2,
=0 otherwise.
6.1.2 H'(V,,,,,,,,,,,;Z) =0 ifn<i<n+m-—1,i=1mod 2,
=Z, ifn<i<n+m-—1, i=0 mod 2,
H*™ YV mZ) = Z, if n+m=0 mod 2,
=2Z ifn+m=1mod 2.

Choose generators of the groups a;€ H "“(V,,,L,,,,,,,;J,-) where J; is Z, unless i =0
and either m =1, n=0 mod 2, or i =m—1 when J; = Z.

LeMMA 6.1.3. If pis : M i(Vosvmom) = Tuti(Votmm—i) IS an epimorphism, then
a; satisfies 2.1.1.3.

Proof. Let f:S"*'> Va+m,m be a class such that p,f generates 7, (V, 4 m.m—0)-
Since V, 4y m-iis (n + i — 1)-connected there is a class £ such that (p,f)*x generates
H"*Y(S"*%J)). Hence p¥%#0 and satisfies 2.1.1.3. Since p*¢ must generate
H" ' (V; 4 m.m), it can be taken as a;.

Since H"*{(V,, 4 .m) is singly generated, only 2.1.1.3 is nontrivial in defining
regular spherical sets. The above lemma and Paechter’s computations [15] give

if i=0;
; i=1and n=0 mod 2;
6.1.4 ay=9"w,,. 1) ’
{as) ot mm3 1) i=2and n=1 mod 4; or
i=3 and n=0 mod 4.

The group J;=Z if i=m—1 or i=0 and n =0 mod 2. Otherwise J, = Z,.
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The Steenrod square operations, as computed by Borel in [3], show that all
other regular spherical sets are zero.

LeMMA 6.1.5. If a,€ ™ 'VosmmiZs) or if o€ VysrmmZ), then
k:'= w"+i+l. If aiEy"+m_l(l/,,+m,m;Z), then kalé=x.

Proof. Let n + m=n’. Let (G, G, p) be the universal V,. ,._, bundle. The
map Py—,: Vy m— Vo nr—i induces natural maps

v
6.1.6 G,. —ﬁ G,‘

Ip 4

G"' % Gn'

Consider the sequences

* %
H*(Vn’,m) —6L> H*(Gm Vn’,m) A> H*(Gn”*)

6.1.7 TP:—.. Ti* ‘[ -

H*(Vn’,n’—k) _5_*_> H*(leVn',n’—k) —p'*—) H*(G,,%).
2 2

Now the fundamental class £ of V. ,._, satisfies
%% = pIwgrr, k#Fn' —1,
=pi(£x, k=n"-1

This together with 2.2.8, 6.1.4, and the commutativity of 6.1.7 yields the lemma.
We can suppose y and a,,_, are chosen so that the sign ambiguity is decided and
83% = p3x.
Rather than indexing the k-invariants by &V, m.m), We use the following
conventions:
ki = w,e;, j<m and j=1;o0r
j=2and n=0 mod 2; or
j=3and n=1 mod 4; or
j=4and n=0 mod 4; or

ki = yif m = 1, n = 1 mod 2,
=2, n = 0 mod 2,

= 3, n = 1 mod 4,

4, n = 0 mod 4,

and zero otherwise.
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It will make things much easier at a later stage if we add

. ki = W,u5, n=3mod8, m>S5,
6.1.8’ = ¥, n = 3mod8, m=35,
= 0, all other m and n.

Let nj=n+j—1if k};éo and —1 otherwise. The group J;=Z if m=j
or n=0mod2 and j = 1. Otherwise J; =Z,. Let K(n, —1) be a single point.
Then the first stage of the MPT for g of dimension t=n+5 is

1
/X’
El pl:G

n+m
h"\E P

where X! =]_[f=1K J;n)). Let o; be the image of the characteristic class of
K; in H*(X'). When the dependence of E' on n and m is important we will
write E, . If ¢ is less than n + 5 we just include as many factors in X! for which
n; <t

6.2. Consider the sequence

6.1.9

6.2.1 - 1,(X?) > (Va4 mm) '}"’* ”*(Xl) (2,: "*(Xz) o

By Paechter’s groups we note that m(X?) is finite for k < n +4 except if
n=3mod4 and m=3 or n=2mod4 and m =4. In these cases m(X?) has
rank 1.

We will look at the case n =3mod4 and m = 3, the other case being very
similar. Consider the sequence with Z for coefficients:

h* i* 2 5% a3
6.2.2 H™ XY > H"™*(V,,35) — H'X(X?) - H"™(X).

Since everything in H"*?(X') is of finite order, the infinite part of
H"*%(V,, 3 3), the part generated by a,, maps monomorphically into H"*%(X?).
On the other hand, since Sq2a, = (a,)mod2, we have i*(Sq2%a;)=(a2)moq 2-
Therefore h*a, is divisible by 2 and 6*(3 h*a,) = B,Sq%«;. Let f:S" 2>V, 5 5
be a generator of the infinite part. Then p,f:S"*%— S"*2 s of degree 2 by [15]
and hence f*(a,) istwice a generator of H"**(S"*?;Z). Since 7,,,(X})=0,
there is a map f:S""2— X? such that f = hf. Therefore f*(3h*a,) generates
H”+2(S"+2).
By a similar argument we get the other part of

= 3 mod 4, m = 3,

6.2.3 Ml X2 7) = (Yh*a,_
( ) = {$h*a,_,} 2 mod 4, m

Il
b
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Consider the sequences

* *
HY(E) — H'(Vy1s) B HYE,Vyrss) & H¥G, 1)

6.2.4 ~ l li* li* lpf
*

H*(E) » H*X? H*(E, X?) }}—1 H*(EY).

4

Now 6%a, = p*y and therefore 26*(3 h*s,) = hipfy. Hence the k-invariant be-
longing to a,e #"**(X?;Z) is 3(p*y). This is k2 in Table 6.2.7.
Consider the sequences

625H*(E111_4) H* 111**'5**1" Pf* j**
-2. s M)~H*E") >H*(M) - H*(E', M,) = H*(G,+ 3,3, M) > H*(G,,)
i*|
H*(XY).

Then *1tkZ = B,Sq%x, (8,Sq%x,if n = 2mod 4). Leto = B,(w,®@u; +1® Squ,).
Then o(k') =0, gekerp*, and i*o = B,Sq«,. Therefore 1*k2= 6. Theorem
5.4.3 now gives the indeterminacy.

We will use 3.4.2 to find the mod 2 and mod 3 k-invariants. In both these cases
hl is an epimorphism and ¥ is a monomorphism. The following theorem, due
to Wu [17] (see also [14]), gives the relations which we need.

THEOREM 6.2.6 [Wu]l. In H*(G,.,;Z,) we have the following relations:

@) (5q° + Wy Wiy = E(MWyys;

() (Sg* +wy)wpyy = Eo(MWass + (1 + (MW w3 + [n + 1wy w,yy;
where £;(n) = (3)mod2, &)(n)=(3)mod2 and [n+1]=(n + 1) mod 2. In
H*(G,1p;Z3) we have the following relation:

(© If m=1 and n=1mod?2, then P.(x); + (py - 1) =0.

For example if m >3 and n = 2mod4, relation (a) becomes
(5¢% + Wy Wiy +Sq'w, ., =0. If welet 0 = 1 ® Sq%a, + w, @, + 1® Sqla,
then, in the notation of 6.2.5 and 3.3.1 (k') =0 and i*¢ = Sq%«; + Sq',.
Therefore there is a ke H*(E') such that 1*k = ¢ and {k} satisfies 3.4.2 for
this dimension. Hence k is a k-invariant for the next stage and appears as
k] in the following table. All the entries in the table arise in this fashion. They
are listed by giving the relation in H*(G, ,,,) which produces them in the fashion
described above for ki, The details involve rather lengthy easy computations
and will be omitted.

In Table 6.2.7 the indeterminacy, as computed by 5.4.3, is given. For this
purpose we let o, =(Sq*>+w,") and o, = (Sq* +w,’). We also let
A} =0,H"B;Z,), B = 0,HYB;Z,), ¢=0 or 2, and C,=Sq'HY(B;Z,). The
results for m = 1 were also obtained in 4.2.
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Let n;=min(n +j, n+4) if k;#0 and —1 if k}=0. Let J, =2, if
j<5;Js=Zand Jg = Z;. Then, using the convention that K(n, —1) is a point,
we have X?=T]f.,K(J;;n;). The second stage of the MPT for b of dimension
n+5is

2
/X’
E2? &) E! 5 ...

hz\ /’H

E I Gn+m'

When the dependence of EZ on n and m is important we write EZ,,. If t <n + 5
we just consider those factors in X2 for which n <t

6.3. Using Paechter’s groups [15], we note that =,(X,) has only 2 torsion
in dimensions less than n + 5. Theorem 3.4.2 will be used to find the new k-
invariants. All that we need are classes o € H*(M,) N ker p* such that a(k?)=0
and i*%s = XJ_,¢,a; with at least one ¢; primitive.

The next theorem gives us all the classes which we need. The theorem describes
o by the form o(k?). The class ¢ is then obtained as in 3.3.1.

THEOREM 6.3.1. The following relations hold in H*(E';Z,).
(@ If m=1, or m=2 and n=0mod?2, or n =0mod4,
ok = 0.
(b) If m=2 and n=1mod2, or n =1mod 4,
o.k? +Sq'k2 = 0.
(c) If m=1 or n=0mod?2,
Sq'k% + (Sq?Sq + w3 )k? = 0.
(d) If n=0mod2, m=3 or 4, or n=0mod8, m=5,
o,k +Sq'k% = 0.
(¢) If n=4mod8, m =5,
Sq'k2 + (Sq®Sq* + w3 )k? + o,k2 =0.
(f) If m=2,0or n=1mod2 and m=3, or n=3 mod 2 and m 2 2,
ok = 0.
(g If n=2mod4 and m=3,

Sqlok? + 0,k =0.
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Proof. Consider the diagram

T i b _
6.3.2 H*ELM,) B H*@EYH 2 HT)

~

H*(Gn +m> M)'

Using Z, for coefficients, we easily verify j} is zero in the range of interest.
(This is why it was convenient to add k} in 6.1.8"). Hence each formula will be
verified once it is shown that A} applied to the left side is zero. This is done by
direct computation. We will only do (a); the rest work the same way.

o ki = (Sq2 +w;y)(Sq* + wy") ey
= Sq%Sq%u; + wy w0, + w,Sq%0, + waSqia, + wowya,
= Sq%Sq*x; = 0.
The last equation follows since «, is an integer class.

Theorems 6.3.1 and 3.3.4 define a subset {k} of H*(E%;Z,) which satisfies
1, 2, and 4 of 3.4.2. A check with Paechter’s tables, using the remark after 3.4.2,
shows that 3 is satisfied also and we have a complete set of k-invariants which
are given in Table 6.3.3. The arrangement is just as in Table 6.2.7. The relations

are identified by reference to 6.3.1. The portion of the table for m =1 was
done in 4.3. (For Table 6.3.3 see p. 342.)

Ifk; #0,letn, =n+3andn;=n +4forj=2. Ifk}=0,let n;= —1. Then
2%=T]3=1K(Z,,n;). The third stage of the tower for g in dimension n + 5 is

6.3.4 E3 > E2? >

E —> - Gy

For t <n +4 we just take those factors for which n; <t.
6.4. The space X* is (n + 3)-connected and 7,,,X*)=2Z, if m=1 or if
n=0 mod 4 and is 0 otherwise.

THEOREM 6.4.1. In H*(E?;Z,), if m=1 or n=0mod4, we have
Sk +a,(k3) = 0.
Proof. Consider the diagram

Ig _ 6* p* j* Z*
6.4.2  H*E® 3 H*M;) » H*(E® M) 3 H*(E?,n) 5> H*(E?) -3 H*(i1,).
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TABLE 6.3.3;
~ The k-invariants for the third stage
m=1 K k3 k3
a c 0
Az Cr+3 ®(Sq°Sq" + w3 )H" *(B; Z,)
m=2
n=1mod2 b f
Alzﬂ-l@Cn-l-z 0 A3+2
0 m=1 m=1 f
Asz
m=3 ' 'Y k3
n=1mod4 m=2 m=2 m=2
3 0 m=2 m=2
d
0 m=1 m=2 A2, DChis
g
2 0 m=2 Sq' A2 ® A%,
m=4 k3 k3 k3
n = 1mod4 m=3 m=3 0
= m=3
= 0
mz5 n=0mod8 = 4mod8
= 1mod2
=2mod4
k3 and k3 m=4 m=4
k3 m=4 e

Co+3D(SqSq" + w3 )H" }(B; Z,) © 424,
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The new k-invariant k* must satisfy j*p¥— 16*1%k* =0 and I%k*ckerp* by
3.34.

In dimension n + 4 ker p* is generated by 1 ® Sq'a,, 1® Sqa;, w, ® «, and
1®Sq'a;. We see by direct computation using 3.3.3 that only
0=1®8Sq'a, +1® Sq’x, + w, ®a, is in the kernel of 1%j*p¥~'6* restricted
to kerp*. Since j*p%~'6* must have a nonzero kernel on kerp*, it must be
generated by ¢. But o(k) = Sq'k] + 0,k = j*p*~'6*¢ by 3.3.3. This proves
the theorem.

Theorem 6.4.1 describes the last k-invariant.

6.43. k,#0 if m=1 or if n=0mod4; it is given by the relation
Sq'k} + 0,k3 =0 in the manner of 3.4.2.

The fourth stage of the tower is

24
g
E* - E* o

mT by

E —> Guim

6.4.4

where X*=K(Z,,n +3)if m=1or n=0mod4 and £*= {+} otherwise.

6.5. There are some useful relations between k-invariants, for different values
of m, for some values of n.

6.5.1. Suppose n=0mod4 and m>2 and t=n + 3. Then E}, (6.1.9) is a
fiber space over G,.,, having K,(Z,n) x Ky(Z,,n + 1) as fiber and w,,,; and
W, +2 as k-invariants respectively. The subset of E,‘,,,,, which lies over G, ., is just
E,, x K,. There is a natural projection :E,,l,,,,—vX where X is a fiber space

over G,;,, having K,(Z,n) as fiber and w,,, as k-invariant. Then we have the
composite map

A A
6.5.2 p:EL, S El  x Ky(Zym) S EL, 3 X

which is also an embedding. Let ,k;e H*(E; ,) be the k-invariants. Then we
can prove

LEMMA 6.5.3. If n=0mod4 and m > 2, then A}A}(,k3) = k2

Proof. Consider the sequence

;% *
HX) 5 BYG,x K) & H¥G,em G
6.5.4
u lu*
HYE! ) > H*G, x K;) - H¥Gy41,G.).
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Based on the relation (Sq* + w,)w,,, = 0 (following the proof of 3.3.4) there
is a class v; in H*(X) (not unique) such that i*v, = (Sq® + w,")a;. Clearly
p*v; = k? and n*v, = .k} hence A}A3(,k2) = k2.

~ LemMa 6.5.5. In HX(X) for m 27, (Sq* + w,)v; = 0.

Proof. From 6.5.4 we see that (Sq* + w, ), could only be a linear combina-
tion of w,.4 and w, - w,,,. But Sq'(Sq*® + w,)(Sq? + w,) = 0 on all classes and
Sq'(Sq* + Wy )Wy Weyp = Wy Wy W,y 3 and Sq'(Sq* + Wy )W,y g = Wy, Since
there are no polynomial relations among the w;,, we have the lemma.

As above we have

A 7
6.5.6 E2, & E} = Y

where Yis the fiber space over X with K(Z,,n + 1) as fiber and v, as k-invariant.
Following the proof of 6.5.3 we prove easily

LemMA 6.5.7. If n=0mod4, m =7, then A¥(k}) = k3.

If n=3mod4, m 2, then there exists 4, :E,, < E} ,. Indeed in this case
E; , is just the subset of E,, which lies above G,,,. The following lemma is
easy.

LEMMA 6.5.8. If n=3mod4 and m =2, then A}(,k3) = k3.

REMARK. This lemma is false for n = 1mod4 and m = 4.

7. Applications.

7.1. 1In [7] Hirsch proved that if M" is a differentiable n-manifold embedded
in n +k +r (k>0) dimensional Euclidean space (M"< R™**") with a field
of normal r-frames then M" immerses in R**¥(M" < R"*¥). Using this result
we prove 7.1.1. In the following w; = w,(11) where 1 is the normal bundle to some
embedding of M" in R**%,

THeoREM 7.1.1. Let M" be a compact orientable n-manifold (n>4). If n
is even, then M " immerses in R*"™2 iff w,+W,_, =0; if n is odd, M" immerses
in R**"2,

Proof. By the Massey-Peterson-Haefliger-Hirsch theorem [12], M" embeds in
R**~!, By a theorem of Massey (Theorem V[11]), M" immerses in R**~? if
W, W,_, = 0. By the Massey-Peterson theorem [12], w,_, = 0 unless n = 2" or
2" +1, r>0. If n = 1mod4, then M" immerses in R**~2 [7]. So the only case
which remains is n = 2",

Let n = (N, M", p) be the normal bundle to an embedding of M" into R*"~!,
Let W =n@2l =(N’,M" p). Then n' is the stable normal bundle and we
will be finished if we show that the second obstruction to a cross section in
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n’? (the associate V,,, 5 bundle) is W, W,_,. Let N, and N} be the total space
of the associated n' and n’? bundles respectively. Then there is a natural map
f such that

f

Nl (e N;
P\x /
M”
We wish to apply Theorem 5.3.3 to the bundles n' and #’* and compare the
second obstructions. Consider the diagram

+%
H(N}) 3 B (Vs )
7.1.3 l * lf*
H*(Ny) H*(S"" ).
2
Suppose in the diagram 5.3.2, b is the universal V., ; tower of §6 and b’ is the

tower for n’. The only possible nonzero obstruction is k3 (Table 6.2.7). In the
notation of 5.3.2, we have

K = W, Qa; +1® Sq%t; +1® Sq',.

Now if(hi*x,) is the generator of H* *(V,, 3;Z), where i} is defined in 7.1.3
and h} is defined in 5.3.2; and i¥(h'*a,) is nonzero in H" '(V,,, 3;Z,). Hence
f*(hi*a;) = a, the class defined in the example after the statement of 5.3.3. Apply-
ing 5.3.3, letting v = h*(k?) be the second obstruction class, we have

p*o = (Sq* + W, ) (ko) + Sq'(hi'ay) .

But f*p*v = (Sq? + W, )a + Sq'(f*h'*x,). By Massey’s theorem (Sq® + w,")a
= p*(W,'W,_,) and therefore p*(v + W,'W, _,) € Sq'H"~1 (N;Z,) np*(H"(M";Z,))
=0. Since p* is a monomorphism we are finished.

7.2. The following result, due to Epstein and Schwarzenberger, relates the
finding of cross sections and the embedding of projective spaces. The result is
a slight generalization of a theorem in [4] and we give the proof here with their
permission. The symbol < will be used for ‘‘embeds’’ throughout the rest of
this paper.

THeOREM 7.2.1. If nH,c R® (Definition 1.2.5) and P,_, < S™ ' then
P,.,< RP*™ This can be made differentiable if 2(p + m)=3(n +q +1).

Proof. Let P,_ be the usually embedded subset of P, . . ThenP,,,~ P,_, =nH,.
Let B be the n—1 sphere bundle associated with nH,. Then there exists a map
g:B—P,_, such that P,,, =nH, U, P,_;. We can represent points in P,,,
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by pairs (b,r) where b€ Band r € [0, 1]. When r is 1 we identify B with P,_, using
g.Leth:nH, < RPandh,:P,_, < S" ' R™. Then

F(b,r) =((1—=r)h(b,r),rhy(g(b)))

isa 1-1 continuous mapping of nH, U, P,_, into RP*™ If2(p + m) 2 2(n + q + 1),
then this topological embedding can be approximated by a differentiable one [5].

We apply this result by asking if nH, can be embedded in the normal
bundle n of an embedding of P, in RP. Epstein and Schwarzenberger proved
in [4] that H, embeds in n iff n® H, has a nonzero cross section. If we
find n-linearly independent cross sections of n® H,, then the n embeddings
of H, produced by the cross sections can be used to give an embedding of
nH, in n. A computation [4, Proposition 4] shows that if n is the normal
bundle of an embedding of P, in R” then n# ® H, is of the same stable
bundle type as (p + 1)H,. From this formula we can readily compute the Stiefel-
Whitney classes of #® H,. In particular, #® H, is orientable iff p=1mod?2.
We shall prove the following embedding theorem.

THEOREM 7.2.2. The following embeddings of real projective spaces are
possible:

(@) If k=3mod4, k>3, then P, « R*™2,

(b) If k=0mod?2, k+#2/ or 2/ +2, then P, <« R*73,

() If k=1mod4, k+#2/ +1, then P, <« R*73,

The proof will proceed by showing certain bundles over projective spaces
always have a cross section. Some of these are of interest and so we isolate them.

THEOREM 7.2.3. If k =3mod4, then every orientable k—2 plane bundle b
over P, or P,_, has a nonzero cross section.

Proof. If k=3, the theorem is trivial. So suppose k > 3. The Euler class is
an integer class in H*"?(P,;Z) = 0 and therefore is zero. If w,(b) # 0, then the
indeterminacy of k? is all of H*"'(P,;Z,). Therefore the classifying map can
be lifted to E,f_u. Again the indeterminacy of k3 is all of H¥(P,;Z,) and this
proves that a cross section exists.

Suppose w,(b) =0. By an unpublished theorem of Atiyah and Hirzebruch
there exists an integer m = 7 and an k + m — 2 plane bundle over P, s,a, such
that b® (m—1)I =i~ 'a (the bundle induced by i) where i:P,c P;,s. Let
n=k—3 and construct the tower 6.1.9 and 6.2.8 for ¥, bundles and for
V.+1,1 bundles. Since we are only interested in obstructions up to dimension
n + 2, we modify the tower so that it is a MPT of dimension n + 2. Then there
exist liftings b; and a; of the classifying maps of b and a such that the lower
portion of the diagram
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A
En21 C3. Enzu,m
) az
b,
1 121'1 El
. E”'1 C n,m
G ay
GM_1 < n-H:\
%‘v . a\
g Pyis:

I

is commutative (at least up to homotopy). By 6.3.1(a), Sq®a¥(,k?) = 0 but Sq?,
acting on H* !(P,,s;Z,), is an isomorphism. Hence o%(,k3)=0 and 6.5.3
implies btk? = 0. Hence b, and a, can be defined. Again the values of a%(,k3)
and b%(,k;) are independent of the choice of a, and ba, respectively. Using 6.4.1,
we see that Sq'a,(,k3) = 0 in H*(EZ,). Hence Sq’a*(,k3) = 0; but, in this di-
mension, Sq> is also an isomorphism. Hence a%(,k3)=0 and, by 6.5.7, we see
that a3(,k3) =b3(;k}) =0 and this proves 7.2.3.

We now prove 7.2.2(a). Theorem 7.2.3 implies that if k = 3mod4, k > 3, and
1 is the normal bundle to an embedding of P,_, into R,;_ 3, which exists by [4],
then n® H has a cross section. Hence H,_, < R*~3 and (of course) P, < S°.
Now 7.2.2(a) follows from 7.2.1 and the remark following the proof of 7.2.1.

THEOREM 7.2.5. Let b be an orientable k—1 plane bundle over P,. If
wy(8) =0, wy_,(0) =0, k=0mod2, and k > 5, then b*> has a cross section.

Proof. Suppose first that k = O0mod4 and let n = k—3. In this case b2 is a
Vp+2,, bundle where n=1mod4. As before there exists a bundle a over P, , and
an integer s such that b@sI = i"'a where i is the inclusion map Py < P, ;.
This representation gives us a particular cross section of a® over the k-skeleton
of P,,,. The obstruction cocycle for extending this cross section lies in
NP sT(Vi—1+5,5) = 0 since m(Vi_y145,) =0 is s =3 (and k = O0mod4).
Therefore we can suppose b is a k—1 plane bundle over P, ;.

Consider the following diagram

2
b, 7 E
7.2.6

Pk-l-l -_—> Gk-l

The only obstruction to finding b, is w,_,(b), and this is zero by hypothesis.
Now the indeterminacy of bik? is all of HY(P,,;Z,) so we can choose b, so
that bfk3 = 0. The indeterminacy of b%k? is zero which means that different
choices of b, do not affect b}k:. On the other hand Theorem 6.3.1, (b) implies
Sq*b*k? + Sq'bi(k?) = 0 = S¢*b*(k?). In the dimension involved Sq2 is an iso-
morphism, hence b}(kZ) = 0. Therefore the map b, can be defined for a particu-
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lar choice of b,. Now the indeterminacy of b3k} includes Sq'H* '(Pi4,;Z,)
and this is all of H*(P,,;Z,), therefore b, can be chosen so that b*k} =0
and hence b? has a cross section over P,.

Suppose now that k= 2mod4. In this case b* is a V,,, , bundle (n = k—3)
where n= 3mod4. Hence the indeterminacy of k? is all of H*"!(P,;Z,) while
the indeterminacy of k2 is zero. So a choice of b, can be made so that b*kZ =0
and b*k? is a single class independent of the choice of b,. As in 7.2.4 we can
find a bundle a over P,,, and an integer s such that b @ sl = i-'a where
i:P,c Py,,. We have

E:,z < E:,2+s
4
7.2.7 lb‘ la‘
Pk [t Pk+2'

i
Now, using Lemma 6.5.8, b(;k3) = i*a¥(,k2) where m =2 +s. By Theorem
6.3.1(f) we have Sq%a}(,k3) = 0. But Sq” in this dimension in H* (P,.,) is an

isomorphism, and therefore, a¥(, k%) = 0. This implies b,(;k3) = 0 and the proof
is completed as in the case n = 1 mod4.

We will now prove part (b) of 7.2.2. By the theorem of Epstein and Schwarzen-
berger [4], if k= Omod2 and k # 2/, then P, = R**™'. Let n be the normal
bundle to this embedding. Then n ® H satisfies the hypothesis of Theorem 7.2.5
except when k =2/ — 2. Theorem 7.2.1, 7.2.5 and the remark following 7.2.1
then prove part (b) of 7.2.2, using the fact that P, ~ S*.

7.2.8. We now prove part (c). Suppose k= 1mod4 and k# 2’ + 1. Then
Py_, < P,_; = R*™* using part (b) of 7.2.2. Let n be the normal bundle of
P,_, < R*75 and let E(n) be the total space of n. Then E(n)NP,_, is just
H,_,; hence n=nw"®H. Then n@ H=WMW H)®I. Now W ®H is a k-4
bundle over P,_, and k — 2 = 3mod4. Hence Theorem 7.2.3 applies giving a
cross section. Therefore 2H, _, < E(n)and 7.2.1 now implies P, R**~3as before.
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